Abstract. A group is said to be finitely co-Hopfian when it contains no proper subgroup of finite index isomorphic to itself. It is known that irreducible lattices in semisimple Lie groups are finitely co-Hopfian. However, it is not clear, and does not appear to be known, whether this property is preserved under direct product. We consider a strengthening of the finite co-Hopfian condition, namely the existence of a non-zero multiplicative invariant, and show that, under mild restrictions, this property is closed with respect to finite direct products. Since it is also closed with respect to commensurability, it follows that lattices in linear semisimple groups of general type are finitely co-Hopfian. §0. Introduction. A group G is finitely co-Hopfian when it contains no proper subgroup of finite index isomorphic to itself. This condition has a natural geometric significance; if M is a smooth closed connected manifold whose fundamental group π 1 (M) is finitely co-Hopfian, then any smooth mapping h : M → M of maximal rank is automatically a diffeomorphism (cf. [8] ).
§0. Introduction. A group G is finitely co-Hopfian when it contains no proper subgroup of finite index isomorphic to itself. This condition has a natural geometric significance; if M is a smooth closed connected manifold whose fundamental group π 1 (M) is finitely co-Hopfian, then any smooth mapping h : M → M of maximal rank is automatically a diffeomorphism (cf. [8] ).
From an algebraic viewpoint, this condition is a weakening of a more familiar notion; recall that a group is said to be co-Hopfian when it contains no proper subgroup (of whatever index, finite or infinite) isomorphic to itself. Co-Hopfian groups are finitely co-Hopfian, but the converse is false, shown by the case of finitely generated non-abelian free groups, which are finitely co-Hopfian but not co-Hopfian.
It is known that an irreducible lattice in a linear semisimple Lie group is finitely co-Hopfian; in the case of a Fuchsian group, this is classical, whilst for an irreducible non-Fuchsian lattice, this follows from Mostow rigidity [9, 10] , although, in almost all cases, it had previously been demonstrated by Borel [3] . However, the case of a general semisimple lattice, commensurable with a product of both Fuchsian and Mostow rigid factors, does not seem to have been studied previously, and one objective of this paper is to fill this gap.
An immediate difficulty concerns the extent to which the finite co-Hopfian property is preserved under finite direct products. We introduce a class of finitely generated groups, called quasi-lattices, whose properties weakly approximate the class of lattices in semisimple Lie groups; for the precise definition see §2.
In the case of semisimple lattices we may recall Serre's notion of Euler-Poincaré measure [13] . For quasi-lattices this generalizes to that of a multiplicative invariant on the class of subgroups of finite index. Thus, to a subgroup H of finite index in a quasi-lattice G, we may associate a non-zero real number µ(H ) depending only upon the isomorphism type of H with the property that if K is a subgroup of index [H : K ] in H , then
µ(K ) = [H : K ] µ(H ).
Any group admitting such a non-zero multiplicative invariant is automatically finitely co-Hopfian; indeed, any subgroup of finite index is also finitely co-Hopfian. We prove the following. THEOREM A. If 1 , . . . , n are irreducible quasi-lattices, then 1 × · · · × n is also a quasi-lattice; in particular, 1 × · · · × n admits a non-zero multiplicative invariant.
From Theorem A, we obtain the following result. THEOREM B. Let be a torsion-free lattice in linear semisimple Lie group with finitely many connected components; then is a quasi-lattice. In particular, admits a non-zero multiplicative invariant.
As a corollary, we obtain the following result.
COROLLARY C. Let be a lattice in linear semisimple Lie group with finitely many connected components; then is finitely co-Hopfian.
This generalizes a result of Borel [3] . The plan of this paper is as follows. In §1, we give equivalent conditions for the existence of a non-zero multiplicative invariant. In §2, we review some basic results on direct products and show that the product structure on a direct product can be deformed only trivially provided that the factors are sufficiently nonabelian. In §3, we introduce the notion of a quasi-lattice, and prove Theorem A. In § §4 and 5, we apply the foregoing theory to the class of semisimple linear lattices, and prove Theorem B and Corollary C.
We point out that the existence of a multiplicative invariant in general is more subtle than familiar examples (for example, the Euler characteristic) might suggest. Thus, it is a consequence of Gottlieb's theorem [5] that groups with nonzero Euler characteristic must have trivial centre; indeed, Rosset's generalization shows that such a group has no non-trivial abelian normal subgroup [12] . This property is not shared with groups admitting non-zero multiplicative invariants; in §6, we give examples of groups with non-trivial centres which admit a nonzero multiplicative invariant. We conclude, in §7, with a brief discussion of the question of multiplicative invariants for more general direct products. §1. Multiplicative invariants. A group H is said to have the finite index property FI when for any subgroups K , K of finite index in
A group homomorphism ι : H → G is a co-finite embedding when ι is injective and when the index [G : ι(H )] of ι(H ) in G is finite. We say that H has the finite co-index property FC when given co-finite embeddings ι r : Proof. Let ι r : H → G r (r = 1, 2) be co-finite embeddings, and suppose that ϕ :
Then K i is a subgroup of finite index in G i , and
However, K r ⊂ ι r (H ), so that
For r = 1, 2,
is a subgroup of finite index in H , and since
Now ϕ : K 1 → K 2 is also an isomorphism, so that K 1 , K 2 are isomorphic subgroups of finite index in H . By hypothesis, H has property FI, so that
The desired conclusion [G 1 :
Denote by F(H ) the set of subgroups of finite index in a group H . A subset of F(H ) is said to be cofinal when for each K ∈ F(H ) there exists K ∈ such that K ⊂ K . There is a weak converse to Proposition 1.2. PROPOSITION 1.3. Let H be a group; then H has property FI if and only if F(H ) admits a cofinal subset such that each K ∈ has property FC.
Proof. If H has property FI then by Propositions 1.1 and 1.2, each K ∈ F(H ) has property FC. To establish ( ⇒) we may thus take = F(H ).
For the implication (⇐ ), suppose that is a cofinal subset of F(H ) with the property that each K ∈ F(H ) has property FC. Let K 1 , K 2 be subgroups of finite index in H such that K 1 ∼ = K 2 . Then K 1 ∩ K 2 has finite index in H , so that we may choose K ∈ such that K ⊂ K 1 ∩ K 2 and K has property FC.
However, K has property FC and
, and H has property FI. 2
Let C be a class of groups; by a multiplicative invariant on C, we mean a function µ : C → R such that, for all G, H, H ∈ C:
The following is clear.
The connection with finitely co-Hopfian groups is given by the following. PROPOSITION 1.5. Let G be a finitely generated group; if F(G) admits a non-zero multiplicative invariant, then every subgroup of finite index in G is finitely co-Hopfian.
Abstract groups G 1 , G 2 are said to be commensurable, written G 1 ∼ G 2 , when there exists a group H , and injections ι r : H → G r (r = 1, 2), such that ι r (H ) has finite index in G r . The commensurability class G is the collection of groups commensurable with G. Although it is apparently only a class, when G is finitely generated, G is equivalent to the set of objects of a small (countable) category, in which morphisms are co-finite embeddings. So, without loss, we may regard G as a set. From Propositions 1.2 and 1.4 we obtain the following result. THEOREM 1.6. Let H be a finitely generated group; then the following statements are equivalent:
H admits a non-zero multiplicative invariant; (ii) F(H ) admits a non-zero multiplicative invariant; (iii) H has property FI; (iv) F(H ) has a cofinal subset consisting of groups with property FC.
Proof. We begin by showing that (ii) ⇐⇒ (iii). Thus, suppose that µ : F(H ) → R is a non-zero multiplicative invariant, and that K i is a subgroup of finite index
, thus δ 1 µ(H ) = δ 2 µ(H ), and since µ(H ) = 0, it follows that δ 1 = δ 2 , and H has property FI. This proves (ii) ⇒ (iii).
Conversely, when H has property FI the correspondence K → [H : K ] is a well-defined non-zero multiplicative invariant on F(H ). Thus, (ii) ⇐⇒ (iii) as claimed.
By Proposition 1.3, (iii) is equivalent to (iv). Moreover, the set of isomorphism classes in F(H ) is a subset of H so that (i) ⇒ (ii).
To complete the proof, we must show (ii) ⇒ (i). Thus, suppose that µ : F(H ) → R is a non-zero multiplicative invariant. When G is commensurable with H , there is a group K and finite index embeddings i :
The model for this step is the "rational Euler characteristic" of [15] . We must show that ν is a well-defined function on H . First observe that, given K , this definition is independent of the particular embeddings i, j. This is because, since K embeds as a subgroup of finite index in H , K has property FI by Proposition 1.1, and hence also has property FC, by Proposition 1.2. In particular, this formula depends only upon the isomorphism type of K , which, without loss, can be assumed to be a subgroup of finite index in H .
We now show that the formula is independent of K . Let K r be a subgroup of finite index in H (r = 1, 2), and j r : K r → G a co-finite embedding. Put
However, again, by Propositions 1.1 and 1.2, L has property FC, so that
, and so
as required. Thus, (ii) ⇐⇒ (i), completing the proof. 2
We say that H admits a non-zero multiplicative invariant when any of the above conditions are fulfilled. §2. Rigidity of products. An infinite group G is said to be reducible when it is commensurable with a direct product G ∼ H 1 × H 2 of infinite groups H 1 , H 2 ; otherwise, G is irreducible. We say that a group has property when given an expression = 1 2 · · · m (m ≥ 2) as a product (not necessarily direct) of mutually centralising normal subgroups i , then for some i, j = {1} for j = i. PROPOSITION 2.1. Let be an infinite irreducible group with trivial centre. If has no non-trivial finite normal subgroup, then has property .
Proof. Let = 1 2 · · · m be an expression of as a product of mutually centralising normal subgroups (m ≥ 2). Then some i is infinite. Put = 1 · · · i−1 i+1 · · · m . Since the j are mutually centralising, i ∩ is central in . Thus, i ∩ = {1}, and ∼ = i × . Since is irreducible and i is infinite, is a finite normal subgroup of , and hence is trivial. Thus, j = {1} for j = i, verifying property .
2
If C is a class of groups, then by a C-product structure on a group G we mean a finite sequence P = (G λ ) λ∈ where each G λ ∈ C is a non-trivial normal subgroup of G such that G is the internal direct product
where
= {λ 1 , . . . , λ n }. Two C-product structures P = (G λ ) λ∈ , Q = (H ω ) ω∈ on G are said to be equivalent when there exists a bijection σ : → such that for all λ ∈ , G λ ∼ = H σ (λ) , and strongly equivalent when, in addition,
Let Q denote the class of finitely generated torsion-free infinite groups in which every subgroup of finite index has trivial centre. Let Q 0 denote the subclass of Q consisting of irreducible groups. The following can, mutatis mutandis, be proved along the lines of [7, Proposition 6.2]. PROPOSITION 2.2. Let be a subgroup of finite index in , and suppose that , both admit Q 0 -product structures; thus,
, and i has finite index in σ (i) .
In similar fashion, we also obtain the following. As a consequence, we have the following. COROLLARY 2.7. Any two Q 0 -product structures on a group are strongly equivalent. §3. Quasi-lattices and the product theorem. By a quasi-lattice G we mean a finitely generated Q-group G which admits a non-zero multiplicative invariant. We prove that a finite product of irreducible quasi-lattices is a quasi-lattice.
We first treat a special case; say that a group is a product of restricted type when ∼ = 1 × · · · × N , where 1 , . . . , N are irreducible quasi-lattices such that for all i, j, i ∼ j ⇒ i ∼ = j . Proof. Let ∼ = 1 × · · · × N , be a product of restricted type, and let ι r : → (r ) be co-finite embeddings (r = 1, 2). It should cause no confusion to suppress the symbols ι r and simply write ⊂ (r ).
Let ϕ : (1) → (2) be an isomorphism, and put i (r ) = ϕ −1 ( i (r )), so that (r ) also has a Q 0 product structure (r ) = 1 (r ) • · · · • e r (r ). Putting that is, there are permutations σ r of {1, . . . , e r } such that i (r ) intersects σ r (i) (r ) in a subgroup of finite index. Put i (r ) = i (r ) ∩ σ r (i) (r ). For all r, j, j (r ) = ϕ −1 ( j (r )) is isomorphic to j (r ), and since each j (r ) admits a non-zero multiplicative invariant, then is then finitely generated and has finite cohomological dimension; in particular, is torsion free. The Euler characteristic χ( ) is then defined in the usual way, and is an integer. Proof. If is a subgroup of finite index in , then is also of type FP and χ ( ) = 0, so that χ gives the required non-zero multiplicative invariant. Moreover, has trivial centre, by the theorem of Gottlieb [5] .
2 (II) The invariant volume on a rigid semisimple lattice.. Denote by L the class of infinite linear semisimple lattices; that is, ∈ L when there exists a noncompact linear Lie group G with finitely many connected components whose identity component G 0 is semisimple such that admits an embedding ⊂ G as a discrete subgroup of G, and such that G/ has finite invariant volume.
In the case where G is a direct product of simple non-compact Lie groups G = G 1 × · · · × G m , is said to be lattice irreducible in G when π I ( ) is nondiscrete for every proper non-empty subset I of {1, . . . , m} where
is the projection. An argument using Borel's density theorem (see [11, p. 86] ) shows that when is lattice irreducible, it is irreducible in the former sense, namely that it is not commensurable with a direct product of infinite groups. Denote by L 0 the subclass of torsion-free irreducible lattices in this sense. If ∈ L 0 and G is a connected adjoint semisimple Lie group which contains as a discrete subgroup of finite covolume, then is said to be a rigid lattice when (G, ) satisfies Mostow rigidity; that is, any automorphism of has a unique extension to G. In this case, make a specific choice for the infinitesimal volume element on the tangent space T G Id ; when ⊂ is a subgroup of finite index d,
Then µ is a non-zero multiplicative invariant, since by Mostow rigidity, vol(G/ ) depends only upon the isomorphism class of ; that is, we have the following result. (4.3) A rigid lattice admits a non-zero multiplicative invariant. §5. Multiplicative invariants for general semisimple lattices. We begin by making the following observation.
Proof. As is well known (cf. [9] ), any semisimple linear lattice is finitely generated. If is torsion free, then by a standard Borel density argument, all of its subgroups of finite index have trivial centre. If is a lattice in PSL 2 (R), it is either a free non-abelian group of finite rank or the fundamental group of an orientable surface of genus at least two. Either way, has type FP, and we take the multiplicative invariant to be the Euler characteristic, which is necessarily non-zero in either case.
When is an irreducible non-Fuchsian lattice, is Mostow rigid and we take as multiplicative invariant the invariant volume of (4.3).
We now show that Proposition 5.1 remains true without the restriction of irreducibility. We recall briefly the principal structural facts about lattice groups. As observed previously, semisimple linear lattices are finitely generated. Selberg's theorem [2] now shows that a semisimple linear lattice admits a normal subgroup of finite index which is torsion free.
Suppose that ∈ L is torsion free and embeds as a discrete subgroup of finite covolume in a connected semisimple Lie group; on taking the quotient first by the finite centre of the containing Lie group, and then by its maximal compact normal subgroup, we see that embeds as a discrete subgroup of finite covolume in a non-compact connected semisimple adjoint Lie group G which has no non-trivial compact normal subgroup. Thus, contains a torsionfree normal subgroup of finite index such that embeds as a lattice in a connected non-compact semisimple Lie group. A Borel density argument [11, Theorem 5.22, p. 86] shows that contains a torsion-free subgroup 0 which admits an L 0 -product structure, and which has finite index in . A standard argument, conjugating by the finite number of generators and taking intersections, allows us, by passing to a further subgroup of finite index if necessary, to assume that 0 is also normal in . On writing the L-product structure as 0 = 1 • · · · • m , we obtain the following normal form for linear semisimple lattices. THEOREM B. Let be a torsion-free lattice in a linear semisimple Lie group with finitely many connected components; then is a quasi-lattice. In particular, admits a non-zero multiplicative invariant.
As a corollary, we obtain the desired generalization of Borel's result [3] .
COROLLARY C. Let be a lattice in linear semisimple Lie group with finitely many connected components; then is finitely co-Hopfian. §6. Non-degenerate central extensions. The examples of finitely co-Hopfian groups considered so far all have trivial centres. However, as we now show, that is not an essential feature, and we give a sufficient condition for a central extension to be finitely co-Hopfian. Let
be a central extension where is a finitely generated group with trivial centre, and Z is a finitely generated abelian group. The homology spectral sequence of the extension takes the form:
say that E is non-degenerate when Coker(d 2 2,0 :
where Z is a finitely generated abelian group, and is a finitely generated group in which every subgroup of finite index has trivial centre. If is finitely co-Hopfian and E is non-degenerate, then G is finitely co-Hopfian.
Proof. Let H be a subgroup of finite index in G. Then = H/(H ∩ Z) is a subgroup of finite index in = G/Z. Denote by Z K the centre of a group K . Since Z is trivial, it is clear that Z = Z G , and the subgroup condition on implies that
Since is finitely co-Hopfian, it follows that = . Thus, without loss of generality, we may suppose that H is defined by an extension E = (0 → H ∩ Z → H π → → 1). To establish the desired conclusion, it suffices to show that H ∩ Z = Z. Denote the homology transgression of the extension E by
Let ι : H ∩ Z ⊂ Z denote the inclusion, which is an embedding of finite index j, say. There are extensions
Let g denote the orientable surface of genus g, and let g = π 1 ( g ).
are classified up to congruence by a cohomology class c(E) ∈ H 2 ( g ; Z) ∼ = Z.
Denote by (g, r ) the group defined by the extension
with c(E) = r . These groups have a geometrical description, namely that (g, r ) = π 1 (E(g, r )), where E(g, r ) is the total space of the S 1 -bundle over g with Chern class c 1 = r . Analysis of the proof of Theorem 6.1 reveals that a stronger statement is true. COROLLARY 6.2. When g ≥ 2 and r = 0, a subgroup H of finite index δ takes the form H ∼ = (h, s) where for some positive integers δ B , δ F such that δ = δ B δ F ,
If g ≥ 2 and r = 0, and H is a subgroup of finite index δ, then δ is automatically determined by the isomorphism type of H ; if H ∼ = (h, s), then put
COROLLARY 6.3. For g ≥ 2 and r = 0, µ g,r determines a non-zero multiplicative invariant on F ( (g, r ) ).
The groups (g, r ) embed as lattices in the nonlinear simple group SL 2 (R), the universal covering group of SL 2 (R). §7. More general direct products. Theorem A gives conclusions which seem difficult to establish more directly; for example, we have the following result.
THEOREM 7.1. Let be a lattice in a linear semisimple Lie group with finitely many connected components and let be a group of type FP with χ ( ) = 0. Then × admits a non-zero multiplicative invariant.
Proof. First observe that the normal form theorem for semisimple linear lattices, Proposition 5.2, has an analogue for groups of type FP. Thus, if is reducible, it splits, up to commensurability, as a product of infinite groups; it is known, [4] , that the factors are also of type FP. If the factors are reducible, proceed to split these in the same way. However, the cohomological dimension of places, a priori, a bound on the number of times splitting may occur. Hence, is commensurable with a direct product 1 × · · · × n of irreducible groups of type FP. Moreover, since χ( ) = 0, then each χ ( i ) = 0, and, as in Proposition 4.1, i is a quasi-lattice. Applying Proposition 5.2 to , we see that × is commensurable with a direct product 1 × · · · × m × 1 × · · · × n , where each i , j is an irreducible quasi-lattice. The conclusion now follows from Theorem A.
There is an obvious question, as follows. ( * ) Does every finitely co-Hopfian group admit a non-zero multiplicative invariant?
One suspects that the answer is "no", but the situation is not clear. For example, the groups (g, r ) of §6 are irreducible when g ≥ 2 and r = 0. However, since (g, r ) has non-trivial centre, the argument of Theorem A does not apply to a product G = (g 1 , r 1 ) × · · · × (g m , r m ), and it is not immediately apparent whether such a product admits a non-zero multiplicative invariant. However, G is still finitely co-Hopfian, as it may be written as an extension
satisfying the hypotheses of Theorem 6.1 above. Furthermore, G satisfies Poincaré duality and so by Strebel's theorem [14] is not isomorphic to any subgroup of infinite index; thus, we have the following result. Free products form another class of examples for which the situation is not entirely clear. Using the theorems of Grushko and Kurosh [6] , it is straightforward to show that with the sole exception of C 2 * C 2 , any finitely generated non-trivial free product G 1 * · · · * G k is finitely co-Hopfian. However, the theorem of Baumslag-Dyer-Heller [1] allows us to construct free products of type FP with χ = 0, removing the possibility of using the most obvious multiplicative invariant. For example, if G(n) is a Baumslag-DyerHeller group corresponding to the n-sphere S n and F 2 is the free group of rank two, then n = G(2n) * F 2 is a group of type FP with χ ( n ) = 0. Here n is torsion free, and every subgroup of finite index, being a free product not isomorphic to C 2 * C 2 , has trivial centre and is finitely co-Hopfian. However, it is not immediately clear whether n admits a non-zero multiplicative invariant, or whether direct products of such groups are finitely co-Hopfian.
